Our result, loosely speaking, is that in a nontrivial family of varieties f : X → Y over a perfect field k, some fiber X t = f −1 (t) has a point rational over the field of definition of t. Denote by f (X) the scheme-theoretic image of a morphism f : X → Y between noetherian schemes, and by κ(x) the residue field of a point x of a scheme. We now give the precise statement of our result, and prove it, assuming some elementary field theory results postponed until the next section. Theorem 1. Let X and Y be schemes of finite type over a perfect field
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Proof. We begin with several straightforward reductions. If we cover Y with finitely many open affine subsets V , one of them must satisfy dim
of f , we reduce to the case X = Spec A and Y = Spec B. Let φ :
→ Y of morphisms of schemes of finite type over k with dim f (X ) ≥ 1, and if we find a closed point x ∈ X having the same residue field as its image in Y , then x = α(x ) ∈ X will do for f . For instance, composing X red → X with f does not affect the dimension of the image in Y , so we may assume X is reduced. Some irreducible component X 1 of X will have positive dimensional image in Y ; hence we may assume X is integral.
Replacing Y by f (X), or equivalently B by φ(B), we may assume that φ is injective and dim Y ≥ 1. Since dim B = dim Y ≥ 1, the polynomial ring k[t] injects into B. Composing f with the associated morphism Y → A 1 , we reduce to the case
is still injective, so we may reduce to the case A = A . Now Frac(A) = L is a finitely generated k(t)-algebra, so [L : k(t)] < ∞ by the Nullstellensatz. By the structure of finitely generated modules over principal ideal domains, A is a free B-module of rank d := [L : k(t)]. By Lemma 4, there exists z ∈ L such that L = k(t)(z). Multiplying z by a nonzero element of k[t], we may assume z ∈ A. For some nonzero q ∈ k[t],
We claim that for some
denote the characteristic polynomial of z acting on the finite free B-module A. It suffices to find b ∈ B such that P (b) = Norm L/k(t) (b − z) is not a unit in B[q −1 ]. Let T n be the set of polynomials in t of exact degree n with coefficients in {0, 1}, so #T n = 2 n . Then { P (b) : b ∈ T n } consists of at least 2 n /d distinct polynomials, each monic of degree nd if n is larger than the t-degree of the coefficients of P . On the other hand, factoring q over k shows that the number of monic polynomials of degree nd in B[q −1 ] * is less than O (nd) deg q as n → ∞. By taking n large, we find b ∈ T n such that P (b) ∈ B[q −1 ] * , and hence b − z ∈ A[q −1 ] * . Choose a maximal ideal of A[q −1 ] containing b − z, and let x be the corresponding closed point of X = Spec A. Lett andb =z denote the images of t, b, and z in κ(x).
Remark . Theorem 1 is false for nonperfect k. Here is a counterexample. Let k 0 be a perfect field of characteristic p, let k = k 0 (s, t) where s, t are indeterminates, and let L = k 0 (s 1/p , t 1/p ). Let f : X → Y be the morphism of affine k-schemes associated to the inclusion
Application to Shafarevich-Tate groups in a family
The paper [CP] constructs a nonisotrivial smooth proper family X → U of genus 1 curves over an open subset U of P 1 Q , such that for each t ∈ U (Q), the fiber X t violates the Hasse principle. It also constructs a nonisotrivial smooth proper family Y → U of torsors of abelian surfaces over an open subset U of P 1 Q such that for every t ∈ U of odd degree over Q, Y t violates the Hasse principle over the number field κ(t). In other words, these fibers represent nonzero elements of the Shafarevich-Tate groups of the associated abelian varieties. Theorem 1 shows that such results cannot be extended to all closed fibers of a family: there will always be a closed point t ∈ U above which the fiber has a point rational over κ(t).
